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VIBRATIONS OF DOUBLY-ROTATED-CUT QUARTZ
PLATES WITH MONOCLINIC SYMMETRY
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(Received 15 December 1983)

Abstract—For certain doubly rotated cuts of quartz, the elastic stiffness constants have the
same symmetry and absolute values as those for certain rotated- Y-cuts; but 4 of the 13 constants
have signs reversed. Mathematical solutions of corresponding problems for the two types of
cut have the same form but the numerical results may be the same or different according as

the constants with changed signs enter the solution as even or odd powers or products. Examples
of both are exhibited.

1. EQUATIONS FOR DOUBLY-ROTATED-CUT QUARTZ PLATES

Alpha-quartz has an axis of three-fold symmetry, say Xi, and three axes of two-fold
symmetry one of which is designated as X, in a right-handed, rectangular coordinate
system X;, i = 1, 2, 3. A doubly rotated set of axes is obtained by rotating the X;
system a positive angle 0 about X, and a positive angle ¢ about X3 to a new orientation
x;. The direction cosines /;;, of the x; axes with respect to the X; axes are

X X X;
X Iy = cos ¢ li = sin¢d =20
X2 lyy = —sindcos @ l22 = cos ¢ cos O by =sin8 (1)
X3 l3; = sin ¢ sin 0 i, = — cos ¢ sin @ 33 = cos 0.

Rotated-Y-cut and doubly-rotated-cut plates are cut with faces perpendicular to x,, as
shown in Fig. 1.

The elastic stiffness constants c,s., r, 5, £, u = 1, 2, 3 (or, in the reduced indicial

notation: c,q, p, ¢ = 1. .. 6), referred to the rotated axes x;, are expressed in terms
of the constants %, referred to the X;, by

Crstu = cf’_)ikllril:jllk Iul (2)

summed over i, j, k, [ = 1, 2, 3.

Of the 21 possible constants cO,(= ¢5,), referred to the X; coordinates, only six are
independent inasmuch as, for a-quartz[1],

0 _ 0 .0 _ .0 - 0 _ 0 _ 0 0 _ 0
€22 = C11y C55 = Ca4y ng = C?s, Ci4 = C56 = —C24y C66 = i(C?l - cY2),

0 0 _ 0 _ 0 _ 0 0 _ .0 _ 0 _ -
=3 === =B=cls=cls=cl=0. 3

The values of the remaining c3,, as given by Bechmann(2], are

C?| = 86.74 C?z = 6.98
) = 107.2 ¢t = 11.91 “)
¢ =5794 %= -1791

in units of 10'® dyn/cm? or 10° N/m2.

t Investigation supported by the Office of Naval Research.
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Fig. 1. Rotated-Y-cut and doubly-rotated-cut quantz plates. X; and X are digonal and trigonal

axes of symmetry, respectively.

From (2) and (3) we have

Crstu = c?i dsidandny + lnlalala + %(ir:fsz + lala)inla + [pla)]

+ 5‘%3:!'3{:35:3&3

+ hulllala + Lal2)ala + Ishe) + Ualg + Lila)laly + 1ala)]
+ b Unlalala + balalula — Wlala + Lala)Unla + Lala))

+ Nllalalanla + lale) + Inla(laly + Lal)]

+ Qalllalss + Lab)inla = lal) + Uela + lala)lalg = lal2)
+ (Unlaa + lala)lnlay + liles) + Unle + lplaXbsla + Lals)).

Finally, upon substituting (1) in (5), we find

1y
Ciz
€13
Ci4
Cis
Cie
Cr2
Ca3

€4

C25
C26
€33

Cis

L]

{1

i

i

I

i

it

C?x

¢35 cos? 8 + cfs sin® 8 + ¢4 sin 26 cos 3¢

cf> sin? 8 + c%3 cos? @ — Q4 sin 26 cos 3¢

(¢S5 = ¢%;) sin 8 cos ® + cf4 cos 20 cos 3

¢J4 cos 0 sin 3¢

¥4 sin 8 sin 3

cficos* 8 + % sin® @ + (¢ + 4cT3) sin® 26 + 4 4 sin 6 cos® @ cos 3¢
el + ¢ — 20 — 4c)sin? 20 + ¢ + dcls sin 46 cos 3¢

— ¢, sin 6 cos® 8 + ¢%; sin® 0 cos 8 + ¥ch + 4cTs) sin 40
~ ¢94 cos 6 cos 36 cos 3

s (3 sin? @ — 1) cos 0 sin 3¢
3 ¢4 sin 0 cos? 0 sin 3¢
S sin® 8 + ¢33 cos* 0 + (c3s + 3cYs) sin? 20 + 4 9, sin® @ cos 8 cos 3¢

~ % sin® 8 cos 8 + ¢33 sin B cos® 8 — #(c3s + D) sin 48
~ ¢34 sin 8 sin 38 cos 3¢

()
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cis = — 3 ¢ sin® 0 cos 0 sin 3¢

¢34 (3 cos? 8 — 1) sin 0 sin 3¢

Cié

cas = Hchh + ¢35 — 2¢)s — 4 c%) sin® 20 + ¢34 + 44 sin 40 cos 3

cas = ¢4 (3 cos® 0 — 1) sin 0 sin 3¢ ©
ces = ¢4 (3 sin®> 8 — 1) cos 0 sin 3¢
css = Hch — c%2) sin? 0 + ¢34 cos®> 0 — ¢4 sin 20 cos 3
cse = — Hch — %2 — 2 cle) sin 26 + ¢ cos 26 cos 3¢
ces = Hch — c%2) cos? 0 + ¢ sin? 0 + ¢4 sin 20 cos 3
These are the c,, which appear in the stress-strain relations referred to the x;:
Tij = c,-jk,Su or Tp = cpqS,, (7)
in which the strains, S;; or §,, in terms of displacements, u;, are
Su=S8Si=ua 283 =38i=us2 + U3
S22 =8 =uz2 283 =8s= w3+ us, ®
S13 =83 = w33 2812 =86 = u2; + 2.
Upon substituting (8) in (7) and the result in the stress-equations of motion:
T = ply, &)
we find the displacement-equations of motion:
D,_,uj = pﬁj (10)
or
Dyiuy + Dyauz + Dyus = pidy,
Dayuy + Dauz + Dasus = pia, (1

Dsyuy + Dsuz + Dizus = piis,
in which the D;;(= D;) are the differential operators

Dy = cnd} + cesd3 + €553 + 2 C560203 + 2 C15939) + 2 €160102,

D22 = €2205 + Caadd + Cos01 + 2 Coad301 + 2 C263182 + 2 C249203,

D33 = €330} + €5507 + Caad3 + 2 Ca5010; + 2 C348203 + 2 C350301,

D23 = Cs6d} + €403 + €340} + (C23 + Caa)d233 + (C36 + Cas)d3dy + (C25 + Coa)B102,

D3y = cead? + €353 + C150% + (€31 + €55)939;1 + (C1a + C36)0102 + (C36 + Cu3)3203,

Di2 = 458} + 160} + C268% + (C12 + Cs6)0102 + (C2s + Cea)3203 + (C1a + C36)3301,
(12)

where 8,9; = 3*/ax,9x;, 0 = &*/ax?.
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For traction-free planes parallel to the coordinate planes, it is required that

on x; = constant:
T =T =ciS1 + c1282 + 1383 + c14854 + 1585 + 1656 = 0,
Tz = Te = 6151 + 6252 + ce3S5 + CeaSs + CesSs + CeS¢ = 0, (13)
T; =Ts = c51 81 + 5252 + €53853 + ¢5484 + €558s + Cs5656 = 0;
on x; = constant:
Ta1 = Tg = c6151 + €282 + C63S3 + CeaSs + C655s + €656 = 0,
Tz = Th = cnS1 + €22853 + 2383 + 2454 + €2555 + €265¢ = 0, (14)
Toa = T4 = c1 81 + €Ca2852 + C4383 + CaaS4 + Ca55s + €656 = 0,
on x3 = constant:
T3, = Ts = c5181 + €5282 + 5353 + c548s + cs555 + 5656 = 0,
T3s = Ty = c41S1 + €4252 + €4353 + CaaSs + CasSs + €656 = 0, as
Taz = T3 = €3151 + €3252 + €3353 + €3484 + €355s + €365¢ = 0.
2. ROTATED-Y-CUTS VS 60° DOUBLY-ROTATED-CUTS
Case A. If & = 0, 8 # 0 (the rotated-Y-cuts) then sin 3¢ = 0, cos 3¢ = 1 and,
from (6),

Cis = Cig = C25 = C26 = C35 = C36 = Cas = Cas = 0. (16)
The remaining 13 constants are those for monoclinic symmetry with x; the digonal
axis.

Case B. If & = 60°, 6 # 0 (doubly-rotated cuts), then sin 3& = 0, cos 3¢ = -1
and (16) again holds so that the symmetry is the same as for rotated-Y-cuts. Even if 6
is the same in A and B, all the surviving constants in B (except for ¢;; which remains
fixed) are different from the corresponding ones in A as the last term in each c,, has
its sign reversed. However, if 0 in B is the negative of 6 in A, nine of the constants
are the same for the two cuts and the remaining four have the same absolute values
in A and B but are of opposite sign.

To summarize the properties of the two sets of constants c,,(¢, 6):

Cpqa0, 8) = ,q(60°, —8) for pq = 11, 12, 13, 22, 23, 33, 44, 55, 66,
Cpa0, 8) = —c,q(60°, —6) for pg = 14, 24, 34, 56.

amn

The displacement equations of motion reduce to

(c118% + ce603 + 5503 + 2 560203011 + [(C12 + Ce6)3192 + (C14 + C56)8301]u2

+ [(c13 + €55)938; + (C14 + Cs6)0192)us = piiy,

[(c1z + Ce6)0182 + (C1a + C36)8301Ju1 + (€2203 + Casd} + Cos0] + 2 €240203)u2 (18)

+ [cs601 + €2403 + 3403 + (C23 + Cas)d203)us = piiz,

[(c12 + ce6)d182 + (C1a + C56)3301Jur + [C560] + C2483 + €340 + (C23 + Caa)d203)u2

+ (3303 + 5507 + Cad03 + 2 C340203)u3 = pis,
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and the conditions (13), (14), (15) for traction-free boundaries reduce to:

on x; = constant:

T\ =T = ciyih,y + Cralz2 + Ci3Uz3z + Craluzz + uz3) = 0,
T2 = Te = cse(ur3 + usy) + ces(tz1 + ur2) = 0, (19)

T3 =Ts = css(uy3 + us1) + cseluzy + uy2) = 0;

on x; = constant;

T:) = Ts = cseltr 3 + usa) + ceslttay + u12) = 0,
Ty = Tz = craity) + Caallaz + Caslts3z + Caa(Uzz + Uz3) = 0, (20)

Tas = Ty = Cratty,) + Caaltz2 + C3alts3 + Caa(uzz + uz3) = 0;

on x3 = constant:

I3y = Ts = css(urs + us,) + cseluz,y + uy2) = 0,
T3 = Ty = Cralti,) + Caaltz2 + Caqltz3z + Caslzz2 + uz3) = 0, 2n

Ty3 = T3 = cisui,1 + Coaltz2 + Casuzz + CalUsz + uz3) = 0.

Any solution of the equations of motion (and boundary conditions, if any) referred
to rotated axes with & = 0, 8 = 0' is the same solution, at least in form, referred to
axes with ¢ = 60°, 8 = ~0'. Whether or not the solutions are the same numerically
depends on the occurrence of ¢4, €24, C34, Cse @s €ven or odd powers or products in
the resulting formulas.

In the following sections, we review solutions obtained previously for c,,(0, 8) and
determine if the transition to c,,(60°, — ) changes the numerical results.

3. PLANE WAVES IN A PLATE

In a plate with faces at x, = *b, we consider waves propagating in the direction
of the two-fold axis of symmetry x;:

uy = A sin(§axz + &3x3) sin(x; — wi),
uz = —Ajz cos(Eaxz + &ix3) cos(§ix; — wt), (22)
us = — As cos(Eaxz + £3x3) cos(§ix; — wt).

Upon substituting (22) in (19) and setting the determinant of the coefficients of the A;
equal to zero, we find the equation

I A".f - SUWI = 09 Ai_l' = Ajiv (23)
in which d;; is the Kronecker delta,

A = én + B2 + éssI'? + 2 és6BT, A2s = Gse + C2aP? + 63412 + (623 + Cu)BT,
A2z = 1 + G2aP? + Gaal2 + 2624BT, A3y = (G1a + Es6)P + (€13 + Es5)I,  (24)

A33 = Gss + CaaB? + G332 + 264BT, M2 = (1 + ¢12)B + (614 + Es6)T.

€pq = CpqlCes B = &/&, I' = &/, V2 = QZ/E% = pwllcestl.  (25)
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In (25), B and T are the ratios of the wave length along x; to the wave lengths along
x2 and x3, respectively; V is the ratio of the velocity to the velocity v = (ces/p)?; &1(=
2&,b/m) is the ratio of the thickness, 2b, of the plate to the half-wave-length along x,;
and Q is the ratio of the circular frequency w to the frequency mwu/2b.

For given B and I, (23) is a bicubic in the velocity ratio V:

Ve + BV* + CV2 + D = 0, (26)
in which
B = — (A\y + A2 + A33),
C = A2A33 + Assdn + Andzz — A — A — AL, V)]

D = A3 + A2Ahi + Aasdb2 — Aida2Adas — 2 Aashsihge.

The coefficients of the bicubic are different for ¢4, €24, €14, Cs6 positive and negative.
Hence, for given B and I, the roots of (26) yield different sets of velocity ratios V,,
V2, V; for the rotated- Y-cut with c,4(0, 8) and the doubly-rotated-cut with c,,(60°, —6).
An example is illustrated in Fig. 2 in which either B is the abscissa and I' = 10 or vice
versa. In either case, the lowest velocity ratios V3 exhibit little difference for the two
cuts—and this is the branch which would contribute predominantly to the fundamental
thickness-shear mode of the plate. However, the differences for the upper velocities
are larger, at least for large B and I'—as much as 13% for B = I" = 10. These differences
survive any boundary conditions that may be applied.

4. EKSTEIN'S SOLUTION

It will be observed, in Fig. 2, that the velocity ratios are the same for Case A and
Case B if T (or B) is zero. This is the situation for modes with straight crests along x;
(or x;). In the case I' = 0, \z3 and A3; change sign, in the passage from Case A to Case
B, but they enter the coefficients of the bicubic (26) only as their product and as
squares—resulting in no change in roots. To examine whether this persists after the
introduction of free faces of the plate, we consider Ekstein's solution{3] for modes with
straight crests along x; in a plate with free faces on x; = .

With T = 0, and fixed & and V, (23) yields three roots B2, n = 1, 2, 3. Thus, for
steady state vibrations, (22) may be written as

3
U, = 2 A|n sin E]B,.Xz sin §|X| e"‘"‘,

n=1

3
U = — 2 Az, €08 &1Bax2 cOs €1x) e, (28)

n=1

3
Uy = — 2 A3,, COS §|B,,X2 CcOSs §|X| e“‘".

Py
Then the boundary conditions (20):

T,; =0, Jj=12,3 on x;= b, (29)
result in Ekstein’s frequency equation; which may be written in the form[4]

Iptinl = 0) iy n = 19 2’ 3: (30)
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Fig. 2. Comparison of wave velocities for c,q(0, 8) and c,,(60°, —8) as functions of the ratios,
B and I', of wave lengths in the x; and x3 directions to the wave Jength in the direction x; of
the wave normal.

where

i = (BnLln + L2n + 656L3n) cot Bnglbs
M2n = Cr2lin + Bn(Cr2Lan + Caalan), 3D

Wi = Cralin + Bn(C24l2n + Caalan),
Lin = cof(hi — B3n;VZ)cOf(Npn — V7). (32)

In the passage from c,,(0, 0) to ¢,,(60°, —8), the L,, and, hence, the p,, (which
depend on ¢4, C24, Css) change sign for subscripts 13, 31, 23, 32 while the remaining
terms in (31) and (32) do not change. But those p;, which do change appear only as
product pairs in (30) and, hence, the roots of (30) do not change. These roots are usually
depicted graphically as a many branched dispersion relation between ) (as ordinate)
and §, (as abscissa):

Q= 0E) (33)

as illustrated in [4]. Alternatively, the abscissa could be 1/;:

a = Q3%). (34)

Suppose the plate has additional bounding planes x; = *g at which the conditions are
uniformly point-mixed, e.g. vanishing u,, T'11, T3 corresponding to *‘simply supported”’
in the elementary theory of flexural vibrations of plates. For real roots of (30), these
conditions are satisfied by & = mm/2a, where m is an even integer; so that, for real
roots, the dispersion relation converts to

Q = Qalmb). (35)

Elimination of m from the abscissa requires only that each branch of the dispersion
relation (35) be replaced by a sequence of branches obtained by multiplication of its
abscissa by a sequence of integers. In this way, the branches of the dispersion relation
for the infinite plate are converted to the branches of the frequency spectrum, { vs a/
b, of the *‘simply supported" plate. As the process does not involve ¢4, €24 and css
anew, the frequency spectrum is not altered by a change of ¢,4(0, 8) t0 ¢,(60°, ~6).

There is no closed solution of the three-dimensional equations for the case of free
boundaries at x; = *a and the situation there is not obvious inasmuch as ¢4 and c¢s
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enter into the traction-free conditions
T|1 = le = T|3 =0 on Xy = ta (36)

as may be seen in (19).

5. EFFECT OF FREE EDGES

As a substitute for the unavailable extension of Ekstein’s solution of the three-
dimensional equations to accommodate a pair of parallel, free edges, there exists a
solution of two-dimensional approximate equations|S]. For the case of straight crested
flexural waves travelling in the direction of x, in a plate with free faces at x, = +b,
the three dimensional displacements are approximated by

uy = x4 (e, up = Up(x))e™,  uy = Us(x))e™ (37
and the differential equations governing them are

k cseUs,1 + k% ces(Uz,n + 1) = — pw?lUs,
cssUsii + k cselUz1s + ¥1,1) = — pwils, (38)
Y — 3072k cseUsi + k% cos(Uzi + 1)) = = pudiy,

where

K2 = 712, yn = cu — cfferr = (Ce — €12024)*/(Cas = CRalc).  (39)
There is no change of sign of v;, with change of sign of ¢4 and c24; so only ¢se, in
(38), changes sign with the passage from c,,(0, 8) to ¢,,(60°, —6).
The displacements are taken as
U2 = Azb sin §x,, U_‘, = A3b sin Ex;, lb{ = A, COS §X;. (40)
Then, from (38),
& - 30%)A; + 656845 + £44 = 0,
EseEAz + (8ss€? — 30%)A; + ésefAs = 0, 1)
BA; + CsofAs + BB + 1 - ON4, = 0,

where
¢ = b, éss = Css/k® Ces;  Cse = Cselk Coss Y11 = Y1i/3k ces.  (42)
The determinant of the coefficients of the A; in (41), set equal to zero, is the equation

Y11(€ss - C‘%s)? = Q2391 + éss) + éss — ss]é‘
+ 302[Q7 - é&5s5(1 — 02) + Hn? + &JE + 9041 - 0Y) =0, (43)

which, for a fixed frequency ratio £, is a bicubic in £ whose roots are independent of
change of sign of ci4, C24, Cs6. Thus, as in the three-dimensional case, the dispersion
relation does not change with passage from c,4(0, 6) to ¢50(60°, —8).

For each ), (43) has three roots £2, n = 1, 2, 3, and (41) has three sets of amplitude
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ratios A;:As:As. Let A4,, n = 1, 2, 3, be the value of A4 for the nth root &; and let
a = 52 = L@l + 307 - esBA,
4

;’:—% = 3 és6by Q%/A,, (44)

4

3,
A, = (8 - 3 0%)(éssk2 — 307 — &t

for each root §,2. Then (40) may be written as

3
U = b 3 Anaz, sin &.x),

n=}

3
Us = b Y Anai, sin &1, (45)

3
Ui = 3 A, cos &ax.
n=1

The conditions for free edges at x, = *a are: the horizontal and vertical shears,
Ns and Q,, and the bending moment, M,, vanish. Thus, on x; = +a,
Ns = 2blcssUs,s + k css(Uz, + )] = 0,
01 = 2bx[cseUsi + k ces(Uz + $1)] = 0, (46)
M, = (2b3/3)'Y||l|h.l = 0.

Upon substituting (45) into (46), we obtain

3
> AT, cos £na = 0,
n=]
3 —
> A,8, cos §na = 0, 47)
ne=1

3
> A&, sin &,a = 0,
nel

where

Gin = Cssttanbn + K Css(aznbn + 1), (48)
Cs60nbn + K Cos(@2nbn + 1).

2
g
I

The frequency equation is obtained by setting the determinant of the coefficients of
the A, in (47) equal to zero:

A tan§a + Ay tan f2a + Astan kza = 0 (49)

where

b

1 = £1(@12825 ~ G2b13),
2 = E2(@pa82 — A23@11), (50)

A; = &(@)02 — @2 012).

Y
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Upon substituting (44) in (48) and the result in (50), the frequency equation (49) becomes

8013 - B tangia + HAE - B tan foa + §A3E - B)tanka = 0 (5])
an equation which does not change when c,,(0, 0) is replaced by c,,(60°, —8).

6. VIBRATIONS OF A STRIP
An exact solution of the three-dimensional equations exists for coupled thickness-

twist and face-shear modes of vibration in a rotated- Y-cut strip with a parallelogrammic
cross-section and all four faces free of traction[6]. The displacements are u; = u3 =
0 and, omitting a factor ¢,
uy = A sin &x3 cos £3(Csex2 — x3) + B sin &2x2 sin €3(Csexa — x3) (52)
+ C cos EzXz cos gs(ésexz - X3) + D cos §zx2 sin &3(55@\?2 - X;),

where ésq = ¢s6/Ces, as before in (25).
The equations of motion (18) are satisfied if

pw? = coetd + vss&3, ¥ss = css — cle/Ces; (53)

and the faces at x» = = b satisfy the traction-free conditions (20) if

26b = mm 54)
where m is an odd integer for solutions A and B and an even integer for solutions C
anc.lA%air of planes parallel to the x,-axis, making dihedral angles o with the x; - x2
plane and distant 2¢ cos a part, as illustrated in Fig. 3, are free of traction if

a = arc tan ése (55)

and

263¢c = nm (56)
where n is an even integer for solutions A and C and an odd integer for solutions B

and D.
The frequencies are

12 2 2\ 12 ’
_ mm [ Ces n ’yssb
0= (-—p) (1 e Cz) : 57

Fig. 3. Cross sections of strips.
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Fig. 4. Variation of dihedral angles, a, between face and edge planes of strip for c,,(0, 8) and
Cpqe(60°, ~0) as functions of 6.

When c,,(0, 8) changes to c,(60°, —6), the frequencies do not change as cs¢ enters
as c3¢; but the mode-shape (52) changes and «, in (55), is reversed in sign so that the
cross section changes, as illustrated in Fig. 3. The values of +a for the full range of
values of 8 are illustrated in Fig. 4.
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